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Near-field characteristics of supersonic wave components in turbulent jets are investi-
gated using the well-validated large eddy simulation (LES) database by Bodony and Lele
(2005) [1]. Three unheated (constant stagnation temperature) jets with a jet Mach
number ranging from 0.51 to 1.95, and one heated ðTj=T1 ¼ 2:3Þ transonic jet are

336,000. The supersonic wave components of the flow variables are decomposed from the
full flow-field using wavenumber–frequency domain filtering. The spatial structure of the
fluctuating pressure field is obtained by the proper orthogonal decomposition (POD) of
the full and filtered data. POD modes of unheated subsonic jets reveal large scale-disparity
between the full and supersonic components. For the supersonic jet at Mj ¼ 1:95, the
energetic structures of the pressure field also contribute significantly to the supersonic
components, and scale disparity is absent. The variance of the subsonic pressure
components from unheated jets scales as U4

j , where Uj is the jet exit velocity (i.e.,
jep2j � U4

j ), which is the expected scaling for turbulence-associated hydrodynamic-pres-
sure fluctuations. In contrast, supersonic pressure variance, which peaks within the
turbulent flow region, scales with U8

j , coinciding with the far field noise intensity scaling
associated with Lighthill's analogy. In the acoustic near-field, even higher exponent of the
jet velocity scaling is found for the positive phase velocity supersonic pressure component
ðjep2j � U10

j Þ, which is consistent with the scaling of the far-field noise at shallow exit
angles [2,3]. The filtered velocity components also show a similar pattern, i.e., supersonic
velocity variances scale with a higher power of the jet velocity, but the scaling exponents
in jet-region are different for different velocity components and depend on the azimuthal
mode. Previous investigations have presented two distinct spectral peaks due to the
hydrodynamic and acoustic pressure components in the near-acoustic field. Using filtered
components, it is found that density and velocities also show such clear hydrodynamic to
acoustic transition, albeit with different transition points. The strongly directive noise
radiation from subsonic jets is explained using POD projection of supersonic disturbances.
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1. Introduction

It has been widely stressed in recent literature that jet mixing noise has two basic components: one from large-scale
turbulence and the other from fine-scale turbulence [4,3]. Tam et al. [5] and Viswanathan [6] interpreted the differences in
the spectral shape between radiation at 30–401 (exit angle, large-scale) and at 901 (fine-scale) as an indicator of two sources
of jet mixing noise. The noise spectrum from large-scale turbulent structures exhibited a higher amplitude and a more
narrow band spectrum [7]. Large-scale turbulence structures are believed to be assed with the instabilities of the jet mean
flow profiles [8,9]. Fine-scale turbulence structures are chaotic and associated with nonlinear mechanisms. In this study, we
investigate the supersonic and subsonic wave components in a turbulent jet flow using an LES database to study the
generation of low frequency noise from large-scale turbulence structures. The wave propagation, spatial structure, and
overall scaling of the wave-components are stressed.

In supersonic jets, instability waves convecting downstream at a supersonic Mach number relative to the ambient sound
speed produce intense Mach wave radiation at angles of 30–501 from the jet axis. Mach wave radiation easily predominates
over the noise from fine-scale turbulence, making the large-scale turbulence structures the dominant direct noise source of
high-speed jets (see [4] for a review of supersonic jet noise). Dominant low-frequency noise radiation to the shallow exit
angle is also observed from subsonic jets. Due to the mean flow refraction effect, a cone of silence is created for fine-scale
turbulence noise around the direction of the jet flow [10,11]. A single frequency subsonic wave of constant amplitude would
not directly radiate sound according to the Mach-wave radiation mechanism. Supersonic components are generated from
subsonic instability waves through spatial modulation of the wave amplitude (growth, saturation, and decay). For this, the
amplitude modulation has to be severe and drastic in subsonic jets [12–15]. The resulting supersonic phase disturbances
emit a sound wave with the same frequency as that of the instability mode [16]. These results were presented by Tam and
Morris [17] for a shear layer and by Tam and Burton [18] for a jet. Recently, there have been a number of studies investigating
the nonlinear interaction of instability waves to efficiently generate low frequency noise from subsonic jets using theory
[16], parabolized stability equations [19], and direct numerical simulations [20–22].

In general, supersonic components play an important role in the noise generation process. The far-field approximation in
the frequency domain is used to derive Green's function solution to Lighthill's acoustic analogy [23] (these solutions are
provided in [24,25]). According to this solution, the far-field radiating condition of the near-field source term is

k2x þk2yþk2z
� �

¼ ω
a1

� �2

; (1)

where kx is the streamwise wavenumber, ky and kz are wavenumbers in the transverse directions, ω is the temporal angular
frequency, and a1 is the ambient speed of sound. The necessary condition for the near-field source term to radiate noise is
supersonic phase speed in the streamwise direction:

k2x r
ω
a1

� �2

: (2)

It is also possible to compute the acoustic far field with the acoustic near-field data using Kirchhoff's surface extrapolation
method (see [26] for the survey of far-field projection methods). With the stationary phase approximation of the exact
solution to the inviscid linear wave equation, the radiating condition for pressure data along Kirchhoff surface is

kx ¼
ω
a1

cos ϕ; (3)

where ϕ is the polar angle from the axis. Eq. (3) is the radiating condition for pressure data in the acoustic near-field. The
necessary form for Eq. (3) is exactly the same as Eq. (2).

Supersonically convecting disturbances have been studied to investigate near-field dynamics and the noise generation
mechanism of high-speed jets. Tam and Hu [27] identified supersonic and subsonic instability waves, in addition to
Kelvin–Helmholtz waves in high-speed jets. They found that beyond the critical Mach number (Mcri), Kelvin–Helmholtz
instability waves would merge with supersonic instability waves; moreover, the supersonic instability waves were actually
the dominant instability. Their temporal instability wave studies showed that Mcri was affected mainly by the jet
temperature, and insensitive to the azimuthal and streamwise wavenumber (e.g. McriC3:5 for Tj=T1 ¼ 0:5). Freund [28]
studied the noise sources of a Mach 0.9 turbulent jet using direct numerical simulation. He applied wavenumber–frequency
domain filtering to separate the radiating and non-radiating parts of the noise sources within the framework of Lighthill's
analogy. To extract the radiating component, he used supersonic filters at specific radial locations and showed that although
turbulent fluctuations were responsible for the noise generation, its relationship with the supersonic components was not
necessarily simple. The peak location and pattern of variation of the radiating (supersonic) source were different from those
related to turbulent kinetic energy, whereas the full source showed some resemblance. Tinney and Jordan [29] investigated
the pressure field of co-axial subsonic jets, with and without serrations, using experimental data from a microphone array in
the irrotational near-field. Their discussion included the study of the spectral differences between two nozzles. They found
that serrations reduced the energy of the axially coherent propagating component, but its structure remained fundamen-
tally unchanged; the high-frequency component was enhanced. By filtering, they reconfirmed that the radiating
components (the supersonic components in the irrotational near-field) had two distinct acoustic features. The disturbances



Table 1
Conditions of the simulations presented. “TID” numbers refer to the experiment conditions by Tanna [32] with similar exit velocities and temperatures.

TID Uj=aj Tj=T1 Mc
a Mc

b ReD
c xc=R r1=2=R

d r1=2=R
e

sp3 0.51 0.95 0.35 0.25 79,000 7.4 2.6 4.7
sp7 0.90 0.86 0.58 0.43 88,000 8.4 2.3 4.3
sp39 0.97 2.30 1.0 0.58 84,000 11.6 1.8 3.5
sp62 1.95 0.56 1.0 0.83 336,000 16.3 1.4 3.1

a Convective Mach numbers: Ma
c ¼ 0:7Uj=a1 .

b Convective Mach numbers: Mb
c ¼Uj=ðajþa1Þ.

c The Reynolds numbers: ReD ¼ ρjUjDj=μj .
d Jet half-width at x/R¼20.
e Jet half-width at x/R¼40.
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radiating at small exit angles were dominated by axially coherent low-frequency signatures, while the disturbances
radiating at large angles were dominated by less-organized, higher-frequency fluctuations.

Suponitsky et al. [21,22] considered supersonic components in their study of noise radiation by nonlinear interaction of
instability waves in subsonic jets, and found that through nonlinear interaction, the supersonic components were enhanced,
compared with linear waves with the same frequency. Sinayoko et al. [30] used a non-radiating filter to decompose an
unbounded flow field (Lighthill's source term) into acoustically radiating and non-radiating components. Through this
process, they attempted to compute the sources of aerodynamic sound, which were mathematically derived by Goldstein
[31]. The radiating component in their study was a subset of the supersonic component in the near-field. The supersonic
component in the near-field can include all of the radiating components and a portion of the non-radiating components.

The principal objective of this study is to better understand the near-field of high-speed turbulent jets regarding
turbulence structure, noise sources, and noise radiation, by separating the flow field into supersonic and subsonic
components. We investigate these filtered components using the well-validated LES database computed by Bodony and
Lele [1]. For the efficient production of the broadband turbulence, they superposed 40–48 phase-jittered instability modes
(St ¼ 0:2–0:53 and m¼ 71–74, where St is the Strouhal number, fDj=Uj, and m is the azimuthal mode number) to the
mean flow in the inflow sponge region. Although the nozzle geometry was not solved and the inflow was quasi-laminar, this
method could yield velocity and pressure spectra consistent with experimental observations in the shear layers just
upstream of the potential core and within the jet (details can be found in [1]).

Jets with four different operating conditions are analyzed. The jet conditions for LES are listed in Table 1. The first two
simulations are for unheated subsonic jets, and the third is for a heated transonic jet. The last simulation involves an
unheated supersonic jet that has the same exit velocity as the heated jet in the third simulation. The fourth and fifth
columns denote convective Mach numbers with two different definitions: Ma

c ¼ 0:7Uj=a1 and Mb
c ¼ Uj=ðajþa1Þ. Note that

these are not to be confused with the acoustic Mach number of the jet, Ma ¼Uj=a1. Close to the jet lip-line and upstream of
the potential core collapse, the convection velocity is commonly assumed to be � 0:65Uj, which is related to Ma

c . This fact
has been confirmed in many experiments on low-speed unheated jets [33,34]. Bodony [35] observed the same trend with
low- and high-speed unheated jets using his LES database. For heated jets, he noted that the convection velocity is
consistently lower than that of the unheated jet with the same Uj. His results show that Mb

c gives better approximation of
the convective Mach numbers for heated jets. The seventh column shows the length of the potential core. The last two
columns show the jet half-width at x/R¼20 and 40, which shows the radial extent of the jets. The jet half-width, r1=2ðxÞ, is
defined as U x; r1=2 xð Þ� �¼ 1

2U x; r¼ 0ð Þ, where U is the mean axial velocity.
We combine Fourier-based filtering and proper orthogonal decomposition (POD) methods. Filtering of the LES data by

wavenumber–frequency domain is conducted to decompose the flow variables (pressures and velocities) into positive
supersonic, positive subsonic, negative supersonic, and negative subsonic components with respect to the streamwise
convection speed. Supersonic and subsonic components correspond to disturbances with jkxjo jω=a1j and jkxj4 jω=a1j,
respectively. A positive filtered component convects downstream ðω=kx40Þ, and a negative filtered component convects
upstream ðω=kxo0Þ. One of the reasons for the positive and negative decomposition is to isolate the downstream radiation
in the acoustic near-field. We then identify the set of POD basis functions that optimally represents the energy of the original
and filtered flow fields.

In Section 2, we introduce the basic formulation of filtering and POD used in this study. The results of analysis using this
formulation are given in Sections 3 and 4. We present the filtered results of the complete unsteady near-field flow data,
show the results from POD analysis. Finally, we summarize the study in Section 5.

2. Numerical procedures

2.1. Decomposition of supersonic and subsonic disturbances

The filtering of flow variables in the wavenumber–frequency domain is introduced in this section. The size of the
computational domain is 62R and 25R in the axial and radial directions, respectively. The domain is large enough to include
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the growth and decay of the disturbance energy and the propagation of the acoustic wave. The entire axial domain is used
for the wavenumber transform. The noise sources are located some distance (10R–20R) downstream of the inlet, thus
upstream propagating waves can also be extracted through the wavenumber transform and filtering process.

The flow variables in the LES (density, pressure, and velocities in the streamwise, radial, and azimuthal directions in
cylindrical coordinates), after subtracting the mean value defined as average over the azimuthal direction and time (θ and t),
may be represented as follows:

qðx; r;θ; tÞ ¼ ½eρ eux eur euθ ep� ¼ ½eρ eu ev ew ep�: (4)

The notation defined by the last equality is used in all results hereafter. These values are Fourier-transformed in time and in
the two spatial dimensions (streamwise and azimuthal directions). First, fast Fourier transform (FFT) is applied to the
original flow field in the azimuthal direction. Because we are interested in the axisymmetric and first and second azimuthal
modes, which contain most of the near-field energy and radiate most of the noise from jets with axisymmetric nozzles, the
Fourier coefficients are used only for these three modes. To transform the data to frequency domain, a hyperbolic tangent
function-based window [28], with a width of 85% of the full time series followed by FFT, is applied. In the streamwise
direction, because the domain size is limited and the flow field is not homogeneous, a Fourier transform using quadrature
(trapezoidal integration) is applied. In this direction also, the hyperbolic tangent function-based window with a width of
85% of the entire domain is used. After applying the Fourier transform in all three directions, the Fourier coefficients of
Eq. (4) may be expressed as follows:

bqmnðkx; rÞ ¼ ½bρmn bumn bvmn bwmn bpmn�; (5)

where m and n indicate the azimuthal mode and index for the discretized frequency, respectively. The original (windowed)
flow variables may be recovered using the inverse Fourier transform

qðx; r;θ; tÞ ¼
Z

∑
Nt

n ¼ 1
∑

Nθ=2�1

m ¼ �Nθ=2
bqmnðkx; rÞeiðkxxþmθ�ωntÞ dkx; (6)

where Nθ and Nt are 32 and 512, respectively. The phase speed for a given mode is

cph kx;ωnð Þ ¼ωn

kx
: (7)

The inverse Fourier transform of bqmnðkx; rÞ, which has a supersonic phase speed with respect to the ambient speed of sound
ðjcphj4a1Þ, approximates the supersonic components of the original flow fluctuations. Likewise, the inverse Fourier
transform of bqmnðkx; rÞ, which has subsonic phase speed ðjcphjoa1Þ, approximates the subsonic components of the original
flow fluctuations. For a given kx and ωn ðn¼ 1;…;NtÞ, the filter [36] is applied to obtain the supersonic components:

f kx;ωnð Þ ¼ 1
2

� �2

1þtanh σ
kx
ωn

þa1 1þΔ
� �� �� 	
 �

1�tanh σ
kx
ωn

�a1 1þΔ
� �� �� 	
 �

: (8)

For the subsonic components, the following filter is applied:

gðkx;ωnÞ ¼ 1� f ðkx;ωnÞ; (9)

where σ and Δ indicate the steepness and cut-off phase speed of the filter, respectively. For a clear comparison between
supersonic and subsonic fields, a large value of σZ100 is preferred. After studying the effect of the filter shape, we decided
to use sharp filters with σ ¼ 1000 and Δ¼ 10�4 to avoid any ambiguity between the supersonic and subsonic fields.

With the filter defined above, the flow variables may be decomposed as follows:

qðx; r;θ; tÞ ¼ qjSupðx; r;θ; tÞþqjSubðx; r;θ; tÞ (10)

qjSupðx; r;θ; tÞ ¼
Z

∑
n
∑
m
f ðkx;ωnÞbqmnðkx; rÞeiðkxxþmθ�ωntÞ dkx (11)

qjSubðx; r;θ; tÞ ¼
Z

∑
n
∑
m
gðkx;ωnÞbqmnðkx; rÞeiðkxxþmθ�ωntÞ dkx: (12)

We further decompose the supersonic and subsonic components into positive ðcph40Þ and negative ðcpho0Þ components
only when necessary, because the amplitudes of the upstream propagating components are very small. Full and filtered flow
variables are presented either in the physical or in the Fourier domain in each direction (x, θ, and t). Note that we use the hat
symbol ðb�Þ whenever the variables are complex-valued, as a result of applying a Fourier transform in at least one direction.
The arguments will specify whether the variable is in the physical or Fourier domain in each direction, as needed.

Fig. 1 shows the pressure field ðbpmnðkx; rÞÞ at r/R¼5 in the wavenumber–frequency domain for the unheated Mj¼0.9 jet
for the first azimuthal mode (m¼1). The streamwise wavenumber is normalized with the jet exit radius and the frequency is
presented as the Strouhal number. The sound speed in ambient air ð7a1Þ is represented by the diagonal dashed lines. ‘Sup’
and ‘Sub’ represent supersonic and subsonic streamwise convection speeds respectively, and the plus and minus signs



Fig. 1. Pressure ðrealðbpmnðkx; rÞÞÞ in the wavenumber–frequency domain normalized by the ambient speed of sound and density for the unheated Mj¼0.9
jet at r/R¼5 and m¼1. The diagonal lines indicate sonic phase speed. ‘Sup’ and ‘Sub’ represent supersonic and subsonic streamwise convection speeds,
respectively, and the ‘plus’ and ‘minus’ signs represent positive and negative speeds, respectively.
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represent positive and negative speeds, respectively. The surface along r/R¼5 can include both linear hydrodynamic and
acoustic features [37]. In this subsonic jet, the supersonic and subsonic pressures can be clearly differentiated at this radial
location.

The supersonic and subsonic components are correlated. For a given azimuthal mode, the pressure may be decomposed
as follows:

bpðx; r;m; tÞ ¼ bpðx; r;m; tÞjSupþbpðx; r;m; tÞjSub: (13)

The correlation terms appear as the third and fourth terms:

〈bpbpn
〉¼ 〈bpjSupbpjnSup〉þ〈bpjSubbpjnSub〉þ〈bpjSupbpjnSub〉þ〈bpjnSupbpjSub〉: (14)

A measure of the correlation between supersonic and subsonic components may be obtained by integrating Eq. (14) in the
flow domain ðR R ð�Þr dr dx).

Table 2 compares the norms of each filtered component. For each jet, the norms of the first and second terms, and the
sum of the third and fourth terms, on the right side of Eq. (14) are compared after normalizing them by the total norm of the
left side. Here, the integration is performed over the entire domain. The supersonic component is 1–3% of the full pressure
norm for unheated subsonic jets. The subsonic components dominate the flow field for these jets. As the jet Mach number
increased, the contribution of the supersonic component to the flow field becomes more important, specifically, � 30% and
� 50% for heated transonic and unheated supersonic jets, respectively, that have a supersonic acoustic Mach number
ðUj=a1 ¼ 1:47Þ. The difference between these two jets (with the same jet exit velocities) may be explained by different
convection velocities discussed in Table 1. Bodony [35] showed higher convection velocity for the supersonic jet than that of
the heated subsonic jet.

The degree of correlation between the supersonic and subsonic portions is negligible for the subsonic jets, and remains
small in an overall sense reaching about 0.1% for the supersonic jet. The correlation depends on the region being examined,
and in some regions is larger than the overall fractional contribution listed in Table 2. Fig. 2 compares the term on the left
side (top) and the first and second terms, and the sum of the third and fourth terms, on the right side of Eq. (14), before
integration in the radial and axial directions. For both the subsonic and supersonic jets, the peak locations of the full and
subsonic components are located close to the potential core collapse (xc=R¼ 8:4 and 16.3 for the subsonic and supersonic
jets). The peak of the supersonic component is shifted downstream. This is consistent with Freund's [28] observation with
the full and radiating (supersonic) components of Lighthill's source term. Viswanathan et al. [38] in their recent experiments
examined the source distributions obtained with an elliptic mirror. The low-frequency noise sources were located
approximately two potential core lengths downstream from the nozzle exit. For subsonic jets, the contour and magnitude
of the full pressure norm is almost identical to that of subsonic component, whereas in supersonic jets, all three components
have comparable magnitudes. The peak amplitude of the full pressure is four times as large as that of a supersonic field, and
twice as large as that of a subsonic field. As seen in the figure, the correlation term also has a significant magnitude within a
confined region for the supersonic jet.

2.2. Proper orthogonal decomposition

The spatial structure of the energetic field is obtained using POD. A set of POD basis functions and their eigenvalues are
determined to optimally represent the energy of the full and filtered flow fields using the snapshot method [39]. Our
method closely follows that of Rowley [40] and Freund and Colonius [41]; the detailed procedure of POD is provided therein.
Here, we provide a brief summary to define the symbols and terms that we use. Consider the combination of the variables

fðiÞARM�1 ði¼ 1;…;N;MbNÞ; (15)



Table 2
Comparison of the norms of each filtered component. Sup:∬〈bpðx; r;m¼ 1; tÞjSupbpðx; r;m¼ 1; tÞjnSup〉r dr dx; Sub:∬〈bpjSubbpjnSub〉r dr dx; Corr:∬〈bpjSupbpjnSub〉
r dr dxþ∬〈bpjnSupbpjSub〉r dr dx; Full:∬〈bpbpn

〉r dr dx.

Component Mj¼0.51 Mj¼0.90 Mj¼0.97 Mj¼1.95

Sup/Full 0.0105 0.0344 0.2746 0.4784
Sub/Full 0.9894 0.9654 0.7246 0.5205
Corr/Full 0.5515E�4 2.184E�4 7.971E�4 11.13E�4

Full 0.001844 0.02409 0.05606 0.4841

Fig. 2. 〈bpðx; r;m¼ 1; tÞbpðx; r;m¼ 1; tÞn〉, 〈bpjSupbpjnSup〉, 〈bpjSubbpjnSub〉, and 〈bpjSupbpjnSubþbpjnSupbpjSub〉 are shown from top to bottom: (a) Unheated Mj¼0.9 jet and
(b) Unheated Mj¼1.95 jet.
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where fðiÞ is fðtÞ at t ¼ ti, M is the number of grid points, and N is the number of snapshots. The orthonormal basis φðjÞ and
eigenvalue λðjÞ are determined first. We then project fðiÞ using the POD basis,

PsfðiÞ ¼ ∑
n

j ¼ 1
ðfðiÞ;φðjÞÞφðjÞ; (16)

where S is the subspace and ð�; �Þ is the inner product. Analogous to the full POD modes, we define the supersonic and
subsonic POD modes using snapshots of the supersonic and subsonic flow field variables, defined in Section 2.1.

3. Propagation and energy distribution of filtered components

In this section, supersonic and subsonic components of the flow variables (focusing on pressure) are investigated and
compared with the full field. In turbulent jets, dominant flow disturbances change the physical characteristics from
hydrodynamic to acoustic as radial locations are moved from the jet axis to the far field. Hydrodynamic disturbances (near
the jet-flow region) can convect downstream subsonically or supersonically depending on the jet Mach number, whereas
acoustic disturbances (far from the jet-flow region) propagate at the speed of sound which implies downstream convection
with a supersonic phase velocity. Such differences can be observed in the physical domain before we proceed to discuss
results obtained in the wavenumber–frequency domain and filtering procedure. Fig. 3 shows the pressure fluctuation in the
(x/R, ta1=R) domain for a heated Mj¼0.97 jet at r/R¼1, r/R¼5, and r/R¼10 from left to right for a fixed azimuthal plane,
where R is the jet exit radius. The diagonal lines indicate sonic speed in the downstream (dashed line) and upstream



Fig. 3. Contours of the pressure fluctuation in the (x/R, ta1=R) domain for the heated Mj¼0.97 jet at r/R¼1, r/R¼5, and r/R¼10 from left to right in a fixed
azimuthal plane. The diagonal lines indicate sonic speed in the downstream (dashed line) and upstream (solid line) directions.

Fig. 4. Contours of pressure fluctuations (jbpðkx ; r;m;ωÞj2) for the heated Mj¼0.97 jet for the first azimuthal mode (m¼1) at r/R¼1 (a), r/R¼5 (b), and
r/R¼10 (c) from left to right. Up to 20% of the maximum value (1.6, 0.1, and 0.005 from left to right) for each r/R is plotted. The speed of sound in ambient air
ða1Þ is represented by the diagonal dashed lines.
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(solid line) directions. Fig. 3(a) shows that the convection speed of the dominant pressure fluctuation along the lip-line does
not exceed sonic speed for the transonic jet; however, in Fig. 3(b), which is at r/R¼5, both subsonic and supersonic
fluctuations are evident. At r/R¼10 in Fig. 3(c), most of fluctuations move downstream at supersonic and sonic speeds; some
upstream propagation is also observed. The convection speed of the dominating pressure changes from subsonic to
supersonic moving radially from the lip-line (turbulent flow region) to the acoustic near-field.

Supersonic and subsonic disturbances can be distinctly identified in the wavenumber–frequency domain. The transform
of the pressure fluctuations for the heated jet in ðω; kxÞ plane is shown in Fig. 4. The result is shown for the first azimuthal
mode (m¼1) at r/R¼1, r/R¼5, and r/R¼10 from left to right. The maximum contour range is up to 20% of the maximum
value at each radial station, with the latter values noted in the figure caption. As expected from Fig. 3, at r/R¼1, the
fluctuations are dominant at transonic and subsonic phase speeds; while at r/R¼10, supersonic fluctuations dominate.
At r/R¼5, both subsonic and supersonic fluctuations are evident.

3.1. Comparison among different jet operating conditions

In this section, filtered and full pressure in the spectral and physical domains are compared among different jets.
The energy spectrum of the pressure at r/R¼1 is plotted against phase speed (cph ¼ω=kx, normalized by the ambient sound
speed or jet velocity) in Fig. 5 form¼1 (m¼0 shows a similar trend). Several important points are emphasized in this figure.
Heated transonic and unheated supersonic jets in (c) and (d) have a considerable amount of energy above the sonic phase
speed for all St. The peaks of spectra are located close to the sonic speed and the supersonic portions appear to be important
parts of the dominant energetic flow. In these jets, low frequency modes (St¼0.1 and 0.3) have more overall energy than
high frequency mode (St¼0.5).

Supersonic components in subsonic jets can be generated from strong amplitude modulation of instability waves
[12–14]. Recently Suponitsky et al. [21] investigated the nonlinear interaction of two instability waves (with frequencies ω1

and ω2) in subsonic jets. They found that nonlinearly generated difference mode (with frequency ω2�ω1) radiates strong
directional noise, and contains significantly a larger amount of supersonic energy than linearly forced ones. Thus the
supersonic components in subsonic jets can be a part of strongly modulated linear waves and nonlinear mechanisms
provide a mechanism for generating these components in subsonic jets. In Fig. 5(a) and (b), some amount of energy at
supersonic phase speed is observed for the subsonic jets, but the supersonic energy is very small compared to the subsonic
energy. The dominant energy peaks are at low subsonic phase speed. The supersonic portion resembles the ‘supersonic tail’
shown in Suponitsky et al. [21]. The current turbulent jets involve more nonlinear interactions than that of two instability



Fig. 5. Spectral energy of pressure for first azimuthal modes plotted against phase speed ðcph ¼ω=kxÞ normalized by the ambient sound speed (cph=a1 ,
bottom horizontal axis) and by the jet velocities (cph=Uj , top horizontal axis). Spectra are shown at r/R¼1. The lines indicate : St¼0.1, : St¼0.3, � � �:
St¼0.5. Vertical lines represent cph ¼ a1 (solid line) and cph ¼Uj (dashed line): (a) unheated Mj¼0.51 jet; (b) unheated Mj¼0.90 jet; (c) heated Mj¼0.97
jet; and (d) unheated Mj¼1.95 jet.
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waves in Suponitsky et al. [21]. Thus, the difference modes in their study show similar but less amount of supersonic tail
than present subsonic jets. For the lowest Mach jet in Fig. 5(a), St¼0.5 has the largest overall energy; however, in the
supersonic part, St¼0.1 has the largest energy. At the shallow exit angles, the noise spectrum peaks at St¼0.1–0.2 for
subsonic jets [32], and at the larger exit angles, the amplitude drops and the spectrum is broadened and upward shifted.
Overall, the acoustic field is dominated by low frequency disturbances, and this is consistent with the largest supersonic
energy at St¼0.1 for both subsonic jets.

For the top horizontal axes in Fig. 5, the phase speed is normalized by the jet velocity: cph=Uj, which corresponds to the
Strouhal number based on the wavelength, 2π=kx. The pressure spectra show less dramatic variation among different jets in
this case, where the variation is related with the ‘hydrodynamic pressure’. The other axes ðcph=a1Þ are related with the
‘acoustic pressure’ variation. Thus the ‘acoustic pressure’ is affected by the jet velocity more than the ‘hydrodynamic’
pressure among different jets. This will be further discussed with the jet velocity scaling of pressure later.

To examine the physical behavior of filtered components, filtered Fourier coefficients are inverse transformed to the
physical domain. Fig. 6 shows an instantaneous snapshot of full, positive supersonic, positive subsonic, negative supersonic,
and negative subsonic components of the pressure for the unheated Mj¼0.90 and Mj¼1.95 jets at m¼1. The contour levels
for each jet are fixed at small values (within 5% of the maximum value) to compare the different components and to show
acoustic radiation. The differences among the filtered fields are clearly represented by this figure for both jets. The full field
exhibits energetic turbulent fluctuations inside the jet and acoustic radiation in all directions. The supersonic field shows
acoustic radiation in the acoustic near-field. Downstream and upstream propagating waves are represented by positive and
negative supersonic fields, respectively.

Full, positive supersonic, and positive subsonic components of the supersonic jet exhibit a similar amplitude and length
scale inside the jet. This indicates that energetic hydrodynamic fluctuations contribute to both the positive supersonic and



Fig. 6. Instantaneous snapshot of the full, positive supersonic, positive subsonic, negative supersonic, and negative subsonic components of pressure
ðbpðx; r;m; tÞ=ρ1a21Þ at m¼1 are shown from top to bottom. The contour levels are fixed for each jet at small values (within 5% of maximum value) to
compare different components and to show the acoustic radiation: (a) unheated Mj¼0.90 jet and (b) unheated Mj¼1.95 jet.
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positive subsonic components in supersonic jets. In the full field of a supersonic jet, it is clear that the acoustic field is
dominated by Mach wave radiation; the positive supersonic component well represent this field.

The subsonic advection with spatial modulation in subsonic jets leads to sound leakage (wave-packet emission) [15].
The full and positive supersonic components of the subsonic jet show the noise radiation by this mechanism. This is much
weaker than the Mach wave radiation of the supersonic jet. The radiation angle is 30–401 from the jet exit, which is within
the cone of silence. The positive supersonic component of the pressure inside the jet exhibits extended wave structure.
There is a tendency to form axially elongated radial bands. In contrast, the full pressure inside the jet exhibits a much
shorter wavelength. This is similar to the observations by Freund [28] for the supersonic component of Lighthill's source
term. The structure of the filtered source was stretched in the axial direction in their study. This may also be related with the
axially extended low-frequency sources observed in Viswanathan et al. [38].

The positive subsonic components of both jets show fast decay in the radial direction. The negative subsonic components
may represent the evanescent field within the jet associated with the upstream direct sound which propagates outside the
jet edge. In general, the negative components are not significant, compared with the corresponding positive components.
Their amplitudes are very small and their physics is not of interest for this study. Herein, they will only be discussed when
necessary.

Figs. 7 and 8 show the pressure norm ð〈bpbpn
〉Þ along the streamwise direction at given radial locations (r/R¼1, 5, and 10).

For unheated subsonic jets, shown in Fig. 7 for the Mj¼0.90 jet (the Mj¼0.51 jet shows a similar trend), the supersonic
disturbance is negligible, compared with the subsonic component along the lip-line and r/R¼5. In the upstream region (up
to x/R¼25) along r/R¼10 where acoustic fluctuations exist, some contributions from the supersonic component are
observed. In the downstream region, the supersonic component becomes very small, compared with the subsonic
component. Hydrodynamic disturbances (subsonic components) are dominant in this region. This is due to the spreading
of the energetic jet and weak acoustic radiation from the subsonic jet.

In the unheated supersonic jet (Fig. 8), the supersonic disturbance has a comparable magnitude to the subsonic
component along the lip-line; and the value becomes larger moving outward radially from the axis. Along r/R¼10, the
supersonic component dominates the flow field. The unheated supersonic jet does not spread as fast as the subsonic jets.
The potential core length is � 16:3R for the supersonic jet and � 8:4R for the subsonic jets. r/R¼10 is positioned in the
acoustic near-field and is dominated by Mach wave radiation. The peak location ðx=R� 35Þ from (c) in Fig. 8 corresponds to
the region where strong Mach wave radiation occurs. A similar pattern is observed in the heated transonic jet with the same
jet exit velocity. The correlation terms of supersonic and subsonic components in both jets become large only when both
components have significant energy; overall, large correlation can be observed in the near-field of the supersonic jet.

Figs. 9 and 10 compare the radial variation of
R
〈jbpj2〉 dx for m¼1. Here, j � j indicates the absolute value and 〈 � 〉 indicates

the average value over time. For this computation, data from the spectral domain ðω; kxÞ is used. By Parseval's theorem, the



Fig. 7. Pressure norm along the streamwise direction at given radial locations (r/R¼1, 5, and 10) for the unheated Mj¼0.90 jet. The lines indicate : 〈bpbpn
〉,

: 〈bpjSupbpjnSup〉, � � �: 〈bpjSubbpjnSub〉, and : 〈bpjSupbpjnSub〉.
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integration discussed above is the same as that performed in the wavenumber domain
R
〈j � j2〉 dkx. For each case, the norm

of the full pressure and its supersonic and subsonic components are shown. The correlation terms are not presented
hereafter, because their amplitudes become very small after spatial integration over the entire frequency range.
All components peak around the jet lip-line for this azimuthal mode. Many studies have shown that immediately outside
the nonlinear jet-flow region, exponentially decaying evanescent pressure dominates the pressure field, then in the near-
acoustic field, more slowly (linearly) decaying acoustic pressure dominates the field [37]. Such distinct radial decays can be
observed with the filtered components. For example, in Fig. 10(a), at r=R43, the subsonic component shows exponential
decay and the supersonic component decreases more slowly. The amplitude of the supersonic component surpasses that of
the subsonic component and converges to the amplitude of the full pressure. The radial location where the supersonic
component becomes larger than the subsonic component is closer to the axis at higher jet Mach numbers.

As we increase the jet Mach number from 0.51 to 1.95, all of the pressure components increase. Note that the increase is
largest for the supersonic component and smallest for the subsonic component. The contribution of the supersonic
component of pressure to the full pressure is much more significant in heated transonic and unheated supersonic jets
(Fig. 10) than in subsonic jets (Fig. 9). This implies that supersonic components may be scaled with jet velocity in a different
way than full and subsonic components, and this will be discussed in the next section.
3.2. Scaling of supersonic components

Using the free-space Green's function for the wave equation, Lighthill [23] derived the noise scaling law from his acoustic
analogy theory. He established that the total acoustic power radiated by a jet should vary as the eighth power of the jet



Fig. 8. Pressure norm along the streamwise direction at given radial locations (r/R¼1, 5, and 10) for the unheated Mj¼1.95 jet. The lines indicate : 〈bpbpn
〉,

: 〈bpjSupbpjnSup〉, � � �: 〈bpjSubbpjnSub〉, and : 〈bpjSupbpjnSub〉.
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velocity, Uj (the Uj
8
law). Experiments have confirmed this power law. Based on jet noise data analysis and experiments,

Viswanathan [13,42] proposed a generalized power law in which the jet noise intensity scaled with Uj
N
, where N varied from

7.98 to 8.74. Tam [2] derived a dimensionless form of the power law and examined the velocity exponents with
experimental data for various operating conditions. Tam et al. [3] showed that N¼8 was the right exponent to scale jet
noise intensity for unheated jets at inlet angles of 501, where small-scale noise dominates. At an inlet angle of 1501 where
large-scale noise dominates, N¼9.9 was found to be optimal for unheated jets. Larger exponents for the downstream
propagating noise will be discussed later in this section.

This section provides a deeper analysis on the scaling of filtered components of cold jets in both jet-flow (noise source)
and near-acoustic regions. In the jet-flow region ðr=Ro5Þ where hydrodynamic disturbances and nearly incompressible2 jet
turbulence dominate, the disturbances are well represented by subsonic components, and the subsonic components of
velocities should be related with the kinetic energy. Thus, the integrated quantity of jbuSubj2 should scale as Uj

2
. By simple

Bernoullian scaling, the velocity and pressure fluctuations are related by ρeu2 � ep for the hydrodynamic component, thus
jbpSubj2 is expected to scale as Uj

4
. Exhibiting evanescent decay, subsonic components in the near-acoustic field may scale

similarly as well.
2 For the highest speed jet considered here, an estimate of turbulent velocity fluctuations as urms=Uj ¼ 0:15 gives an estimate of
M2

t � 3ðurms=cjÞ2 ¼ 0:257 which although not very small, is perhaps near the incompressible turbulence limit. For the subsonic jet at Mj¼0.51 the estimate
of M2

t is 0.018 and is definitely small.



Fig. 9. Radial variation of
R
〈jbpj2〉 dx for m¼1. The lines indicate : Full, : Sup, � � �: Sub: (a) unheated Mj¼0.51 jet and (b) unheated Mj¼0.90 jet.

Fig. 10. Radial variation of
R
〈jbpj2〉 dx for m¼1. The lines indicate : Full, : Sup, � � �: Sub: (a) heated Mj¼0.97 jet and (b) unheated Mj¼1.95 jet.
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The supersonic pressure components in the flow region are related to the dilatational (compressible) turbulent
fluctuations. According to Ribner [43], in the source region, the dilatation (Dil) is proportional to

Dil� 1
p1

Dph
Dt

� U3
j = Djc2
� �

; (17)

which is what Ristorcelli [44] calls ‘diagnostic equation’, where ph is the hydrodynamic pressure and c is the speed of sound.
The estimate p1 � ρc2 is used. The dilatational fluctuations induce a potential flow. The scale of this fluctuating potential
(Φ) is given by Φ=D2

j �Dil assuming that Φ varies significantly over the length scale Dj, thus,

Φ�U3
j Dj=c2: (18)

The associated pressure response to the dilatation in the source region can be estimated using the irrotational Bernoulli
equation. The pressure correction (pc) is expressed as follows:

pc � ρ
∂Φ
∂t

; (19)

which scales as ρU4
j =c

2. Thus, jpcj2 in the source region scales as Uj
8
. We expect that pSup is closely related with the

dilatational quantity, pc, in the jet-flow region and to scale similarly. Thus jbpSupj2 may scale as � U8
j , which is also consistent

with Lighthill's power law. Additionally, quadratic nonlinearity of the momentum equations gives jbuSupj2 �U4
j within the

source region. We now turn to examine the decomposed LES data to see if these scalings are supported by the data.
In Figs. 11–19, components of the pressure and axial/radial velocities are scaled with the corresponding jet velocity

exponents. As discussed above, anticipating that the turbulent kinetic energy, K, scales as K � U2
j , this scaling is applied to



Fig. 11. Radial variation of
R
〈jbpmj2〉 dk=UN

j for m¼0 scaled with jet velocity (Uj
N
). (a) Supersonic pressure scaled by Uj

8
and (b) Subsonic pressure scaled by Uj

4
.

Fig. 12. Radial variation of
R
〈jbpj2〉 dk for m¼1 scaled with jet velocity (Uj

N
). (a) Supersonic pressure scaled by Uj

8
and (b) Subsonic pressure scaled by Uj

4
.

Fig. 13. Radial variation of
R
〈jbpj2〉 dk for m¼0 scaled with jet velocity (Uj

N
). (a) Positive supersonic pressure scaled with Uj

8
and (b) Positive supersonic

pressure scaled with Uj
10
.
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Fig. 14. Radial variation of
R
〈jbpj2〉 dk for m¼1 scaled with jet velocity (Uj

N
). (a) Positive supersonic pressure scaled with Uj

8
. (b) Positive supersonic

pressure scaled with Uj
10
.

Fig. 15. Radial variation of
R
〈jbpj2〉 dk for m¼0, 1 scaled with jet velocity (Uj

N
). (a) Negative supersonic pressure scaled with Uj

8
. m¼0 and (b)

Negative supersonic pressure scaled with Uj
8
. m¼1.

Fig. 16. Radial variation of
R
〈jbuj2〉 dx for m¼0. (a) Positive supersonic component scaled with Uj

4
and (b) Positive subsonic component scaled with Uj

2
.
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Fig. 17. Radial variation of
R
〈jbuj2〉 dx for m¼1. (a) Positive supersonic component scaled with Uj

4
and (b) Positive subsonic component scaled with Uj

2
.

Fig. 18. Radial variation of
R
〈jbvj2〉 dx for m¼0. (a) Supersonic component scaled with Uj

8
. (b) Subsonic component scaled with Uj

2
.

Fig. 19. Radial variation of
R
〈jbvj2〉 dx for m¼1. (a) Supersonic component scaled with Uj

4
. (b) Subsonic component scaled with Uj

2
.
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the subsonic pressure which is dominated by hydrodynamic disturbances. In (b) of Figs. 11 and 12 for the axisymmetric and
first azimuthal modes, respectively, the scaling works well, considering the large differences ð � 102Þ in the amplitudes of
data from different jet operating conditions before scaling in Figs. 9 and 10. The scaling works better in the jet flow region.
Acoustic near-field may need different scaling, this will be discussed later.

The best scaling for the supersonic component of pressure variance is with Uj
8
(same as Lighthill's power law), which is

shown in (a) of Figs. 11 and 12. Considering that the maximum difference in amplitudes among supersonic components
before scaling is close to 104 times in Figs. 9 and 10, the scaling shows excellent results, especially in the peak region. It is
noteworthy that such a power law is observed in the present study using near-field data, which includes the jet flow region
(noise source region). This implies that the supersonic components in the near-field may be correlated with the far-field
noise in terms of the total radiated energy.

Note that the Uj
8
scaling in Figs. 11(a) and 12(a) breaks down for r=RZ1:5. Expecting that larger exponents are necessary

to scale the downstream propagating noise, N¼8 and 10 are tested to scale the positive supersonic components of the
pressure in Figs. 13 and 14. When N¼10 is used (in (b) of each figure), the scaling works better in the acoustic region where
the large-scale noise dominates, for both axisymmetric and first azimuthal modes. Assuming that the positive supersonic
components in the acoustic near-field are dominated by shallow-angle propagating waves, this would be consistent with
the presentation of far-field noise data in Tam [2] and Tam et al. [3]. In the downstream region, where the inlet angle is
larger than 1201, they observed a rapid increase of N. As the inlet angle approaches 1501, N approaches 9.9. Note that Tam
et al. [3] present scaling exponents dependent on the polar angle ϕ ð4150Þ of the observer. The supersonic component
variance discussed here is a globally integrated quantity, hence the collapse in Figs. 13(b) and 14(b) is not perfect.

For inlet angles between 50 and 1201, N is approximately equal to 8 for unheated jets [3]. For our study, this scaling
closely corresponds to the negative supersonic pressure components, shown in Fig. 15. For this case, N¼8 optimally scales
the pressure field, considering the large differences before scaling. Because subsonic pressure is hydrodynamic disturbances
and strongly dominated by the positive components for all jets, the positive subsonic pressure scaling shows identical
results as in (b) of Figs. 11 and 12 and is not repeated here. The same exponent N¼4 optimally scales the negative subsonic
pressure components as well.

(b) of Figs. 16–19 show that positive subsonic components of axial and radial velocities scale as Uj
2
, which is expected for

the ‘hydrodynamic’ disturbances, and this scaling also carries into the near-acoustic field. This is consistent with the scaling
of subsonic components of pressure. Negative subsonic components of velocities also scale as Uj

2
(not shown here). It is

noteworthy that subsonic components of velocities (both positive and negative components) scale consistently from jet-
flow to the near-acoustic field exhibiting evanescent decay.

The supersonic component of velocity is induced by quadratic nonlinearity in the momentum equations and thus its
disturbance amplitude scales as

R
〈juj2〉 dx� U4

j . Figs. 16(a) and 17(a) show that positive supersonic components of
streamwise velocity norms scale as Uj

4
in the hydrodynamic region, however, further away in the near-acoustic field they

have a different scaling and scale as Uj
8
(not shown here) for both axisymmetric and first azimuthal modes.

The scaling of supersonic radial velocity components is more complex and depends on m. In Figs. 18 and 19, radial
velocity shows the same scaling as noted for the axial velocity, except for the axisymmetric supersonic component. For
axisymmetric mode, the supersonic component scales as Uj

8
in the hydrodynamic region. This result is attributed to the

absence of m¼0 mode forcing in the LES simulation. Without forcing, axisymmetric disturbances are set up by strong
nonlinear interactions, and such nonlinear interactions may lead to the high-power scaling with jet velocities. Further
investigation is necessary to understand the underlying cause of this relationship.

In this section, for the first time, the high-power jet velocity scaling of near-field quantities is presented using supersonic
components. Table A1 in the Appendix summarizes the optimal exponents for the scaling of filtered pressure and velocities
in the jet-flow and near-acoustic regions for m¼0 and 1. The exponents for the density are also examined and they are
identical to the values for the pressure for these cold jets.

3.3. Hydrodynamic to acoustic transition in the near-acoustic field

Using near-field pressure measurements, previous studies [45–48] have examined the crossover from hydrodynamic to
acoustic regimes as frequency is increased. They presented two distinct humps in the pressure spectra representing these
two regimes. Guitton et al. [49] discussed an empirical expression to predict the space–frequency coordinates of the
transition from hydrodynamic to acoustic dominance in the near-field as a function of the jet velocity. Kuo et al. [48]
recently extended the investigation from subsonic jets to supersonic jets. The demarcation point was proposed as kyn ¼ 2
[45], where k is the free space wavenumber defined by k¼ω=a1 and yn is the radial distance from the nozzle lip-line to the
microphone. This condition is quite useful to easily separate the spectra into two regimes in the near-acoustic field. Tinney
and Jordan [29] examined the effect of the change of bypass and temperature ratio of co-axial subsonic jets. Using kyn ¼ 2
condition, they found that such change mainly affect the radiated sound rather than hydrodynamic signature. In the
previous studies, the empirical mode decomposition (EMD) [50] was used to distinguish hydrodynamic and acoustic
components [48]. The wavelet analysis was also recently applied [51]. In this study, the subsonic and supersonic filtering is
used, and we extend the investigation to analyze velocity and density field.

The criteria based on kyn can be expressed with r/R, St, and Uj as kyn ¼ πðr=R�1ÞStUj=a1. Fig. 20 shows contours of the
spectral energy of pressure integrated in kx ð

R
Eppðkx; r;m;ωÞ dkxÞ in the ðr=R; StÞ domain for the unheated Mj¼0.51 jet for



Fig. 20. Contours of the spectral energy of pressure integrated in kx ðR Eppðkx ; r;m;ωÞ dkxÞ in the ðr=R; StÞ domain for the unheated Mj¼0.51 jet for first
azimuthal modes (m¼1) are shown in a log scale. The symbols indicate kyn ¼ 2 condition: (a) Full; (b) Sup; and (c) Sub.

Fig. 21. Spectral energy of pressure integrated in kx ð
R
Eppðkx ; r;m;ωÞ dkxÞ plotted against St for first azimuthal modes (m¼1) at r/R¼10. Vertical dashed

lines indicate kyn ¼ 2: (a) Unheated Mj¼0.51 jet; and (b) unheated Mj¼1.95 jet.
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first azimuthal modes (m¼1) in a log scale. The symbols indicate kyn ¼ 2 condition. It is clear that the hydrodynamic to
acoustic transition indeed occurs across a certain curve in the (r/R, St) domain, and kynC2 seems to work reasonably well as
the condition for the transition for a wide range of r/R and St considered. Below kyn ¼ 2 the full field is well represented by
the subsonic component which is hydrodynamic fluctuations. Above kyn ¼ 2, the supersonic component represents the full
field well.

The transition can be more precisely examined with the spectra plotted against St. Fig. 21 shows the spectral energy of
pressure integrated in kx for first azimuthal modes (m¼1) at r/R¼10. Vertical dashed lines indicate kyn ¼ 2. For the unheated
subsonic jet in (a), two humps which represent hydrodynamic and acoustic regimes are obvious and they are separated by
kyn ¼ 2 condition very well. The first peak region is dominated by the subsonic component, and the second peak region is
dominated by the supersonic component. The exact value where the subsonic and supersonic components intersect each
other is kynjtr ¼ 1:78. A similar decomposition was also shown by Kuo et al. [48] using the EMD. There are no longer two
distinct humps in the unheated supersonic jet in (b) due to strong acoustic energy which makes the hydrodynamic peak
insignificant. This is consistent with what Kuo et al. [48] found. In their study, the first peak by hydrodynamic disturbances
is significantly reduced as jet Mach number is increased. Nevertheless, it is obvious that subsonic and supersonic
components dominate the low- and high-frequency regions, respectively, and intersect each other at kynC2 ðkynjtr ¼
2:13Þ for the supersonic jet as well. There is a clear transition for the heated transonic jet also, but the transition occurs at
larger kyn (kynjtrC2:75, see Table A2 in the Appendix). The heated jet shows consistently larger kynjtr for other flow
variables as well. As discussed with the convective Mach number, heating lowers the convection velocity and this can
change the transition location.

Fig. 22 shows the spectral energy of the streamwise velocity integrated in kx plotted against St for first azimuthal modes
(m¼1) at r/R¼10. Note that the vertical axis in the figure has very different scales in (a) and (b). For both subsonic and
supersonic jets, the transition occurs at large kyn, 3.02 and 3.88 respectively. Also, in contrast to the pressure in Fig. 21,
double humps appear in the supersonic jet in this case. The radial velocities show a similar trend as well. It is not clear why
the transition occurs at different kyn for pressure and velocities. It seems that the acoustic component has stronger
contribution to the full component in the pressure than in the velocities, and this may cause such differences. The spectral
energy of velocities in the unheated subsonic jet in Fig. 22(a) is dominated by the hydrodynamic component and the



Fig. 22. Spectral energy of streamwise velocity integrated in kx (
R
Euuðkx; r;m;ωÞ dkx) plotted against St for first azimuthal modes (m¼1) at r/R¼10. Vertical

dashed lines indicate kyn ¼ 2: (a) Unheated Mj¼0.51 jet and (b) unheated Mj¼1.95 jet.
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acoustic component is very weak. In the case of pressure in Fig. 21(a), the acoustic component has larger energy.
The acoustic components of velocities of the supersonic jet (Fig. 22(b)) have significant energy as well, but not as large as the
acoustic pressure of supersonic jet in Fig. 21(b), thus hydrodynamic peak is still observed in the full spectrum. We suspect
that such differences in the amount of the contribution of acoustic components to pressure and velocities may result in
different kyn for the transition.

We examined the energy spectra of velocities, pressure, and density against St at r/R¼5, 10, 15, and 20 for m¼0 and 1,
and extracted the kynjtr where subsonic and supersonic components are equal to each other, and thus define the location
where hydrodynamic to acoustic transition occurs. They are listed in Table A2 in the Appendix. Overall, pressure and density
of unheated jets change the regimes at very similar kyn close to 2. However, axial and radial velocities change the regimes at
similarly higher kyn. Density of heated jet changes the regime at higher kyn than pressure. Using comprehensive LES
database, it is reconfirmed that kyn indeed provide a successful measure to determine the hydrodynamic to acoustic
transition of pressure in the near-acoustic field. We extended the investigation to other flow variables for the first time and
found that the transition criteria depend on the flow variable considered.

4. Spatial structures of filtered components by POD analysis

Sound radiated by turbulence is a very small fraction of the flow energy. The energy contained in the near-field POD
modes does not guarantee dynamic significance of these modes in the process of sound generation. There have been some
efforts to extract sound radiating near-field structures. Freund and Colonius [41] computed POD modes using norms defined
in the acoustic field. Schlegel et al. [52] generalized POD and identified the modes which contribute the most to ‘the
observables’ such as aeroacoustic density fluctuations. In the previous sections, the supersonic and subsonic pressure
components are found to be correlated with the far-field noise and near-field turbulent kinetic energy, respectively, in terms
of the total energy. Thus, in this section, supersonic components are used to find the POD modes that are relevant to sound
generation. We compare the near-field pattern of POD mode projections of full and filtered flow fields for different jet
operating conditions. For homogeneous coordinate directions, the Fourier modes are identical to the POD modes [53,41].
The full, supersonic, and subsonic components of pressure are decomposed in the azimuthal direction using Fourier
methods. The snapshot method is applied to find the POD modes in the ðx=R; r=RÞ domain.

Fig. 23 illustrates the POD projection of full and filtered pressure for the first azimuthal mode. The bottom row shows the
rms values in log-scale for pressure, and its supersonic and subsonic components, respectively. The top two rows show the
results of two- and eight-mode POD reconstruction, using the POD modes for each class for the heated Mj¼0.97 jet.
The supersonic pressure fluctuation and its POD reconstruction reject the subsonic portion of full pressure fluctuation in the
downstream region, whereas the subsonic pressure rejects acoustic radiation. A small number of POD modes (2 and 8
among 512 total modes) can reconstruct the original field reasonably well.

When a flow-field is dominated by organized flow structures, the POD mode reconstruction of the flow-field can be
performed efficiently. The longer potential core region (16.3R) in the supersonic jet than in subsonic jets (7.4R) allows linear
processes to be dominant in the supersonic jet. Whereas, in subsonic jets, less organized small-scale turbulent motions are
more active than in the supersonic jet. This difference affects the convergence of the POD mode reconstruction to the
original field. The convergence can be examined with the eigenvalues. Fig. 24(b) shows that very few number of POD modes
(3% of total modes) can represent �70% of the energy associated with the full pressure norm for the supersonic jet.
However, for the unheated subsonic jet shown in (a), �10% of total modes are required to represent a similar level of the
energy of full pressure. Supersonic components in supersonic jets can be linearly generated [27] and can exhibit organized
structures. Thus the convergence of the supersonic component is as fast as (or even faster than) the full pressure in the



Fig. 23. Full and filtered pressure fluctuations (bottom row) and its two- and eight-POD mode reconstruction (first and second rows) for the first azimuthal
mode shown using a log scale of rms value for the heated Mj¼0.97 jet. (a) Full pressure POD, (b) Supersonic pressure POD and (c) Subsonic pressure POD.

Fig. 24. Energy convergence with 128 POD modes (total: 512 modes) for axisymmetric (top) and first azimuthal (bottom) modes for (a) unheated Mj¼0.51
and (b) unheated Mj¼1.96 jets. The lines indicate full pressure POD, positive supersonic pressure POD.
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supersonic jet. The convergence of the supersonic component in the subsonic jet is apparently slower than that of the other
component in the same jet and full and supersonic pressure in the supersonic jet. The convergence of subsonic components
is similar to the full pressure and not shown here. Present LES is forced with instability waves at the inlet for jmjZ1.
Without forcing, axisymmetric disturbances are set up by strong nonlinear interactions. It is noticeable that POD
representation of such axisymmetric disturbances shows a similar convergence as the first azimuthal mode. The Reynolds
number can also affect the convergence. To represent a similar level of energy, the unheated subsonic jet in Freund and
Colonius [41] with ReD¼3600 required a less number of POD modes than present unheated subsonic jets. Various norms
were tested in their study; among those, three dimensional norms covering the computational domain could recover 60% of
energy using �4% of total modes [41]. Generally, norms defined in a plane or line (typically in a near-acoustic field) present
very fast convergence [29,54–56].

The spatial structure of the most energetic pressure field can be examined using the first POD mode reconstruction.
Fig. 25 shows the axisymmetric, first, and second azimuthal modes of pressure fluctuations, represented by the first POD
mode reconstruction for the positive supersonic components of the unheated Mj¼0.51 and Mj¼1.95 jets. Compared with
Fig. 6, the direct wave radiation pattern is more obvious in this plot for both jets. Using the wavelength of the radiating
wave, St for the direct radiation is estimated. For subsonic jets, St is around 0.15. For the supersonic jet, StC0:1 corresponds
to the axisymmetric and second azimuthal modes, and StC0:2 to the first azimuthal mode. These St are consistent with the
peak frequency of far-field noise (see Fig. 25 in [1]). Especially the continuous wave propagation from the jet flow to the
acoustic region is clearly observed in the supersonic jet.

Figs. 26 and 27 show the iso-surface of the first POD mode reconstruction of full and positive supersonic pressure. With
different contour levels (40% of maximum value on top and 10% on bottom) for the unheated Mj¼0.51 and Mj¼1.95 jets, the
jet structure in three dimensions can be observed from the inside out. For the unheated supersonic jet in Fig. 27 and for the



Fig. 25. Axisymmetric (top), first (middle), and second (bottom) azimuthal modes of the pressure fluctuation represented by the most energetic POD mode
reconstruction for positive supersonic components. The contour levels are fixed for each jet at small values (within 5% of maximum value) to compare
different modes and to show acoustic radiation: (a) Unheated Mj¼0.51 jet and (b) Unheated Mj¼1.95 jet.

Fig. 26. Iso-surface of the most energetic POD mode reconstruction of the (a) full and (b) positive supersonic pressure shown with different levels (top:
40% and bottom: 10% of the maximum value) for the unheated Mj¼0.51 jet.
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heated transonic jet (not shown here), the pattern of both full and positive supersonic pressure is very similar. On the
contrary, the iso-surface pattern of full and supersonic pressure is very different for the subsonic jet in Fig. 26. The
streamwise wavelength of supersonic pressure reconstruction is much longer than that for the full pressure reconstruction.
A similar difference is observed in the other subsonic jet.



Fig. 27. Iso-surface of the first POD mode reconstruction of the (a) full and (b) positive supersonic pressure shown with different levels (top: 40% and
bottom: 10% of the maximum value) for the unheated Mj¼1.95 jet.

Fig. 28. First POD mode reconstruction of full pressure ( ) and positive supersonic pressure ( ) along the jet lip-line for m¼1, normalized by the
maximum value of each. Maximum values are (a) maxðSupþÞ=maxðFullÞC1% and (b) maxðSupþ=maxðFullÞC33%, where the ratio of max(Full) of
subsonic to supersonic jets are � 10%.
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To examine the large length-scale differences between full and supersonic pressure in subsonic jets, the axial variation of
POD mode reconstruction of full and supersonic pressure is examined further in Fig. 28. They are shown along the jet lip-
line and normalized by the maximum values. The POD mode reconstruction of the subsonic pressure is not shown here
since it has a similar variation as that of the full pressure. Both supersonic and full POD mode reconstruction for the
unheated supersonic jet in Fig. 28(b) have a similar wavelength and comparable amplitude ðmaxðSupþÞ=maxðFullÞC33%Þ.
They show instability wave patterns: the growth, saturation, and decay of the envelope and spatially correlated wave
structure are clearly observed. The reconstruction of the full pressure in the subsonic jet in Fig. 28(a) also shows such
instability wave behavior. As expected, the reconstruction of the supersonic pressure has a much longer wavelength with
much lower amplitude than that of full pressure ðmaxðSupþÞ=maxðFullÞC1%Þ.
5. Conclusions

Supersonic/subsonic wave filtering and POD of turbulent jets have been conducted using the LES database of Bodony and
Lele [1]. Three unheated jets with jet Mach numbers ranging from 0.51 to 1.95, and one heated transonic jet are considered.
The Reynolds number based on the exit diameter ranges from 79,000 to 336,000. The flow variables (pressures and
velocities) are Fourier-transformed in time and in the two spatial dimensions (streamwise and azimuthal directions), and
then filtered to extract the supersonic and subsonic components with respect to streamwise convection. To separate the
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upstream and downstream convecting waves, further decomposition into positive and negative phase speed components is
considered as needed.

The spectral energy of pressure plotted against phase speed along the jet lip-line affirms that in subsonic jets, low
frequency modes ðStr0:3Þ have more supersonic energy than high frequency modes even when they have less overall
energy. They have a similar variation as the ‘supersonic tail’ of the nonlinear difference mode in Suponitsky et al. [21]
implying the significance of nonlinear mechanism for the generation of the supersonic components in subsonic jets.

The near-field norm of the supersonic component of pressure indicates a close correlation with the far-field noise intensity, and
is found to scale with a high power of the jet velocity ðjep2j � U8

j Þ. The norms of full and subsonic component of pressure scale with
the turbulent kinetic energy of the jets ðjep2j �U4

j Þ. Considering the large difference in the unscaled norms among different jets
(up to 102 times difference for full pressure norm, and 104 times for supersonic components), the scaling works quite well. It is the
first time that such high-exponent scaling has been observed in near-field data which peaks in the turbulent flow region. Filtered
velocity components are also rescaled and a similar pattern is observed, i.e., supersonic velocity variances scale with a high power of
the jet velocity, and the subsonic velocity variances scale as a low power of the jet velocity.

In the acoustic near-field, the positive supersonic pressure components scale with a higher power of the jet velocity more
accurately ðjep2j � U10

j Þ. This is consistent with the scaling of far-field noise at shallow exit angles in previous studies [2,3].
Tam et al. [3] showed that the power law exponent increased rapidly and approached 9.9 in the downstream sector.

The hydrodynamic to acoustic transition and the condition for the switchover in the near-acoustic field are investigated.
It is reconfirmed that kyn indeed provides a successful measure to determine the regimes of pressure in the near-acoustic field.
We extended the investigation to other flow variables for the first time and found that the transition occurs across a range of
kyn. Pressure and density of unheated jets change the regimes at very similar kyn close to 2. However, axial and radial velocities
change the regimes at higher kyn. This higher threshold for velocity may simply be due to the mean flow velocity variation
across the jet. The crossover in the density of heated jet was also found to be at higher kyn than that of pressure.

POD is applied to find the representative structure of the full and filtered pressure. For heated transonic and unheated
supersonic jets, the POD projection of the supersonic component resembles the projection of the full flow field. Both projections
exhibit instability wave patterns: the growth, saturation, and decay of the envelope and spatially correlated wave structure are
clearly observed. The projection of the full flow field in subsonic jets also shows such instability wave behavior. Consequently, the
convergence of energy represented by these POD projection is very fast. However, the projection of the supersonic component in
subsonic jets is very different from that of the full flow field. It shows extended wave structure and the convergence is slow. This is
because supersonic components in subsonic jets contribute little to the energetic organized structures. The supersonic components
are not associated with an individual organized structure but with much larger-scale dynamics.
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Appendix A. Tables
Table A1
Exponents N used to scale filtered components of pressure and velocities.

m¼0 m¼1

r=Ro5 r=R45 r=Ro5 r=R45

Pressure
Supþ 8 10 8 10
Sup� 6–8 8 6–8 8
Subþ 4 6 4 6
Sub� 4 4 4 4

Streamwise velocity
Supþ 4–6 8 4–6 8
Sup� 4 4–6 4 6
Subþ 2 2 2 2
Sub� 2 2 2 2

Radial velocity
Supþ 8 8–10 4–6 8–10
Sup� 6–8 6 4 6–8
Subþ 2 2 2 2
Sub� 2 2 2 2



Table A2
kyn values where the hydrodynamic to acoustic transition occurs.

m¼0 m¼1

r/R¼5 r/R¼10 r/R¼15 r/R¼20 r/R¼5 r/R¼10 r/R¼15 r/R¼20

u
Mj¼0.51 5.25 2.51 2.10 3.20 3.37 3.02 3.04 3.27
Mj¼0.90 5.28 3.02 2.77 4.50 6.73 4.17 4.10 4.32
Mj¼0.97 3.20 3.32 4.08 4.20 5.33 4.16 4.90 5.29
Mj¼1.95 2.86 3.08 3.64 2.08 4.87 3.88 3.99 3.41

v

Mj¼0.51 2.64 2.20 2.25 2.92 2.54 1.78 2.13 2.92
Mj¼0.90 2.05 2.50 2.71 3.59 2.74 2.30 3.02 4.12
Mj¼0.97 1.85 2.45 2.14 3.11 2.29 2.75 3.72 5.29
Mj¼1.95 1.81 1.10 1.38 1.83 2.90 2.13 1.70 3.11

p
Mj¼0.51 2.64 2.20 2.25 2.92 2.54 1.78 2.13 2.92
Mj¼0.90 2.05 2.50 2.71 3.59 2.74 2.30 3.02 4.12
Mj¼0.97 1.85 2.45 2.14 3.11 2.29 2.75 3.72 5.29
Mj¼1.95 1.81 1.10 1.38 1.83 2.90 2.13 1.70 3.11

ρ

Mj¼0.51 3.09 2.24 2.25 2.98 3.22 1.78 2.15 2.92
Mj¼0.90 2.34 2.51 2.71 3.59 3.62 2.51 3.11 4.12
Mj¼0.97 3.32 3.41 2.52 3.11 5.25 5.11 4.17 5.29
Mj¼1.95 1.72 1.10 1.38 1.83 3.44 2.18 3.17 3.04
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